Computational cardiovascular flow analysis can provide valuable information to medical doctors in a wide range of patientspecific cases, including cerebral aneurysms, aortas and heart valves. The computational challenges faced in this class of flow analyses also have a wide range. They include unsteady flows, complex cardiovascular geometries, moving boundaries and interfaces, such as the motion of the heart valve leaflets, contact between moving solid surfaces, such as the contact between the leaflets, and the fluid-structure interaction between the blood and the cardiovascular structure. Many of these challenges have been or are being addressed by the Space-Time Variational Multiscale (ST-VMS) method, Arbitrary Lagrangian-Eulerian VMS (ALE-VMS) method, and the VMS-based Immersogeometric Analysis (IMGA-VMS), which serve as the core computational methods, and the special methods used in combination with them. We provide an overview of the core and special methods and present examples of challenging computations carried out with these methods, including aorta and heart valve flow analyses.
We will provide an overview of the core and special methods and present examples of challenging computations carried out with these methods, including aorta and heart valve ow analyses.
Governing equations 2.1. Incompressible ow
Let Ω t ⊂ R n sd be the spatial domain with boundary Γ t at time t ∈ (0, T ), where n sd is the number of space dimensions. The subscript t indicates the time-dependence of the domain.
The NavierStokes equations of incompressible ows are written on Ω t and ∀t ∈ (0, T ) as ρ ∂u ∂t + u · ∇ ∇ ∇u − f − ∇ ∇ ∇ · σ σ σ = 0,
∇ ∇ ∇ · u = 0,
where ρ, u and f are the density, velocity and body force. The stress tensor σ σ σ(u, p) = −pI + 2µε ε ε(u), where p is the pressure, I is the identity tensor, µ = ρν is the viscosity, ν is the kinematic viscosity, and the strain rate ε ε ε(u) = ∇ ∇ ∇u + (∇ ∇ ∇u) T /2. The essential and natural boundary conditions for Eq.
(1) are represented as u = g on (Γ t ) g and n·σ σ σ = h on (Γ t ) h , where n is the unit normal vector and g and h are given functions. A divergence-free velocity eld u 0 (x)
is specied as the initial condition.
Structural mechanics
In this article we will not provide any of our formulations requiring uid and structure denitions simultaneously; we will instead give reference to earlier journal articles where the formulations were presented. Therefore, for notation simplicity, we will reuse many of the symbols used in the uid mechanics equations to represent their counterparts in the structural mechanics equations. To begin with, Ω t ⊂ R n sd and Γ t will represent the structure domain and its boundary. The structural mechanics equations are then written, on Ω t and ∀t ∈ (0, T ), as
where y and σ σ σ are the displacement and Cauchy stress tensor. The essential and natural boundary conditions for Eq. (3) are represented as y = g on (Γ t ) g and n · σ σ σ = h on (Γ t ) h . The Cauchy stress tensor can be obtained from
where F and J are the deformation gradient tensor and its determinant, and S is the second PiolaKirchho stress tensor. It is obtained from the strain-energy density function ϕ as follows:
c 2019 Journal of Advanced Engineering and Computation (JAEC) 367 VOLUME: 3 | ISSUE: 2 | 2019 | June where E is the GreenLagrange strain tensor:
and C is the CauchyGreen deformation tensor:
From Eqs. (5) and (6), S = 2 ∂ϕ ∂C .
Fluidstructure interface
In an FSI problem, at the uidstructure interface, we will have the velocity and stress compatibility conditions between the uid and structure parts. The details on those conditions can be found in Section 5.1 of [1]. For more on the ST-SI, see [9, 10] . In the computations here, the ST-SI is used in combination with the ST-TC, and we will describe the ST-SI-TC in Section 9. .
ST-VMS and ST-SUPS

Stabilization parameters
The For more on the general-purpose NURBS mesh generation method, see [15, 16] . In the computations presented here, the method used in the aorta ow analysis.
ZSS estimation methods
The attempt to nd a ZSS for the artery in the FSI computation was rst made in a 2007 conference paper [168] , where the concept of estimated zero-pressure (EZP) arterial geometry was introduced. The method introduced in [168] for calculating an EZP geometry was also included in a 2008 journal paper on ST arterial FSI methods 14.1. Geometry
We have a typical aortic-valve model, such as the one in [58] . The model, shown in Figure 1 , has three leaets and one main outlet, corresponding to the beginning of the aorta. The leaet motion is prescribed. 
Leaet motion
We consider two cases of leaet motion: symmetric and asymmetric. In the symmetric case, the leaet motions have 3-fold rotational periodicity (i.e., 3-fold discrete rotational symmetry), and in the asymmetric case, they do not. We 14.5. Results Remark 1. We note that there is a thin vortex sheet near the aorta wall in the second and third row of pictures in Figure 9 , which correspond to the fully closed positions of the valve. That is because full blocking of the ow requires a collapsed (i.e. zero-volume) element, which in turn requires that the control points of the element coalesce, and that is not happening for the elements with two edges on the leaet edges and two edges on the aorta wall. In the current setting, the control points associated with the two edges on the aorta wall cannot coalesce.
1) Symmetric leaet motion
We also report the the wall shear stress (WSS) on the leaet surfaces. The viewing angle is as we see the leaets in 2) Asymmetric leaet motion 
Conditions
The computational domain and boundary conditions are shown in Figure 17 . The diameters are given in is in Figure 18 . The peak value of the average inow velocity is 0.709 m/s. We estimate the outows as distributed by Murray's law [169] :
where Q o is the volumetric outow rate, and the outlet diameter D o is dened based on the outlet area A o : We form a plug ow prole at the smaller outlets, and the main outlet is set to traction free.
Mesh
We create a quadratic NURBS mesh from the T-spline surface, using the technique introduced in [15, 16] . Figure 19 shows one of the NURBS patches and ve of the patches together to illustrate the block-structured nature of the NURBS 0.5 1.0 2.5 3.0 Table 2 shows the number of elements and control points.
0.5 1.0 2.5 3.0 We compute with the 5 meshes in Table 2 . We rst compute 9 cycles with Base Mesh, and the initial condition for the rened meshes is obtained by knot insertion. The solution reported here is for the 10th cycle. Figure 22 shows the solution computed with Renement 
Inflow Outflow Prescribed Velocity
No-Slip where the friction velocity u * is based on the computed value of the WSS as follows:
(12) Figure 24 shows the spatial distribution of y 
The time-averaged WSS magnitude (TAWSS)
is shown in Figure 25 , and Figure 26 shows the spatially-averaged WSS magnitude in a cycle. Remark 2. To calculate the velocity dierence, all meshes and corresponding solutions are rened by using the knot-insertion technique, and and p 4 is the key point on the sinus bottom, as labeled in Figure 36 . Points p 1 -p 3 dene a triangle ∆p 13 , with p c being its geometric center. The unit vector pointing from p c to p n is denoted by t p , and the unit normal vector of ∆p 13 pointing downwards is n p . We rst construct the free edge curve as a univariate quadratic Bspline curve determined by three control points, p 1 , p f , and p 2 . The location of p f is dened by p f = p c + x 1 t p + x 2 n p . By changing x 1 and x 2 to control the location of p f , the curvature and the height of the free edge can be parametrically changed. We then take p m as the midpoint of the free edge, the point p b , and the key point p 4 to construct a univariate quadratic Bspline curve (green). The point p b is dened by p b = p o + x 3 n p , where p o is the projection of p m onto ∆p 13 along the direction of n p . Finally, the xed attachment edges and the parametrically controlled free edge and belly curve are used to construct a cubic B-spline surface with desired parameterization. By choosing x 1 , x 2 and x 3 as design variables, we can parametrically change the free edge and belly curve, and therefore change the valve design. This procedure is implemented in an interactive geometry modeling and parametric design platform [173] .
Application to BHV design
To determine an eective BHV design, we rst The key points (blue spheres) are identical to those in the right plot of Figure 36 . x 1 , x 2 , and x 3 control the location of P f and P b and thus control the curvature and height of the red free edge, and the curvature of the green belly curve. [75] Kuraishi, T., Takizawa Computational Mechanics, 63, 301321.
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